Homotopy perturbation method HPM and boundary element method BEM for calculating the exact and numerical solutions of Poisson equation with appropriate boundary and initial conditions are presented. Exact solutions of electrostatic potential problems defined by Poisson equation are found using HPM given boundary and initial conditions. The same problems are also solved using the BEM. The cell integration approach is used for solving Poisson equation by BEM. The problem region containing the charge density is subdivided into triangular elements. In addition, this paper presents a numerical comparison with the HPM and BEM.
Introduction
It is well known that there are many linear and nonlinear partial equations in various fields of science and engineering. The solution of these equations can be obtained by many different methods. In recent years, the studies of the analytical solutions for the linear or nonlinear evolution equations have captivated the attention of many authors. The numerical and seminumerical/analytic solution of linear or nonlinear, ordinary differential equation or partial differential equation has been extensively studied in the resent years. There are several methods have been developed and used in different problems 1-3 . The homotopy perturbation method is relatively new and useful for obtaining both analytical and numerical approximations of linear or nonlinear differential equations 4-7 . This method yields a very rapid convergence of the solution series. The applications of homotopy perturbation method among scientists received more attention recently [8] [9] [10] . In this study, we will first concentrate on analytical solution of Poisson equation, using frequently in electrical engineering, in the form of Taylor series by homotopy perturbation method [11] [12] [13] .
The boundary element method is a numerical technique to solve boundary value problems represented by linear partial differential equations 14 and has some important advantages. The main advantage of the BEM is that it replaces the original problem with an integral equation defined on the boundary of the solution domain. For the case of a homogeneous partial differential equation, the BEM requires only the discretization on the boundary of the domain 15 . If the simulation domain is free from the electric charge, the governing equation is known as Laplace equation. The BEM computes an approximate solution for the boundary integral formulation of Laplace's equation by discretizing the problem boundary into separate elements, each containing a number of collocation nodes.
The distribution of the electrostatic potential can be determined by solving Poisson equation, if there is charge density in problem domain. In this case, the boundary integral equation obtained from Poisson equation has a domain integral. In the BEM, several methods had been developed for solving this integral. These methods are commonly known as cell integration approach, dual reciprocity method DRM and multiple reciprocity method MRM 16 .
The electric field is related to the charge density by the divergence relationship E electric field,
, ρ charge density, ε 0 permittivity,
and the electric field is related to the electric potential by a gradient relationship
Therefore the potential is related to the charge density by Poisson equation:
Theory of the numerical methods

Homotopy perturbation method
Homotopy perturbation method has been suggested to solve boundary value problems in 17-19 . According to this method, a homotopy with an imbedding parameter p ∈ 0, 1 is constructed and the imbedding parameter is considered as a "small parameter". Here, homotopy perturbation method is used to solve analytic solution of Poisson equation with given boundary conditions.
To illustrate this method, we consider the following nonlinear differential equation:
with boundary condition
where A u is written as follows:
A is a general differential operator, B is a boundary operator, f r is a known analytical function and Γ is the boundary of the domain Ω. The operator A can be generally divided into two parts L and N, where L is linear operator and N is nonlinear operator. Thus, 2.1 can be rewritten as follows:
By the homotopy technique 20 , we obtain a homotopy ν r, p : Ω× 0, 1 → R satisfying
where p ∈ 0, 1 is an embedding parameter and u 0 is an initial approximation of 2.1 , which satisfies the boundary conditions. Clearly, from 2.5 , we have
the changing process of p from zero to unity is just that of ν r, p from u 0 r to u r . In topology this is called deformation and L ν − L u 0 , A ν − f r are called homotopic. We consider ν as follows:
According to homotopy perturbation method, an acceptable approximation solution of 2.4 can be explained as a series of the power of p,
Convergence of the series 2.8 is given in 20, 21 . Besides, the same results have been discussed in 22-24 .
Boundary element method
Consider the Poisson equation
where b 0 is a known function for the electrostatic problems, according to Gauss law is b 0 −ρ/ε 0 .
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We can develop the boundary element method for the solution of ∇ 2 u b 0 in a twodimensional domain Ω. We must first form an integral equation from the Poisson equation by using a weighted integral equation and then use the Green-Gauss theorem:
To derive the starting equation for the boundary element method, we use the GreenGauss theorem again on the second integral. This gives
and thus, the boundary integral equations are obtained for a domain Ω with boundary Γ, where u potential, ∂u/∂n, is derivative with respect to normal of u and w 0 is the known fundamental solution to Laplace's equation applied at point
Then, using the property of the Dirac delta from 2.11 ,
that is, the domain integral has been replaced by a point value 25 . Thus, from Poisson equation the boundary integral equation is obtained on the boundary:
where
The boundary integral equation for the internal points is
Cell integration approach
One of solution of domain integral in the BEM is cell integration approach which is the problem region subdivided to triangular elements as done in the finite element method Figure 1 . Domain integral is solved with respect to relationship between all cells and each boundary node by Gauss quadraturemethod. The domain integral in 2.15 for each boundary point i can be written as
where the integral approximated by a summation over different cells. In 2.16 , M is the total number of cells describing the domain Ω, ω k is the Gauss integration weights and Ω e is the area of cell e. Besides, the function b 0 w 0 needs to be evaluated at integration point's k on each cell by 1 to R, see 26 .
In this study, a Matlab program has been developed to solve the Poisson equation with BEM by using cell integration approach. This program calculates the potentials in the problem domain. To investigate the solution of 3.1 , we can construct a homotopy as follows: 
Then, substituting 3.4 into 3.3 , and arranging the coefficients of "p" powers, we have
where the Y i x, t , i 1, 2, 3, . . ., are functions to be determined. We have to solve the following system which includes four equations with four unknowns: and with the Dirichlet boundary conditions. To investigate the solution of 3.10 , we can construct a homotopy as follows: After that, substituting 3.4 into 3.12 , and arranging the coefficients of "p" powers, we have to solve the following system including four equations with four unknowns:
∂x 2 dy dy.
3.13
As found unknowns Y 1 , Y 2 , Y 3 , . . ., we have exact solution of 3.10 :
3.14 Therefore, the exact solution of u x, y in closed form is u x, y ρb
The equipotential lines obtained using exact solution and numerical results have been shown in Figures 3-5 for ρ/ε 0 1 . These results then are compared in Tables 1 and 2 for ρ/ε 0 1 and ρ/ε 0 50 . Tables 1 and 2 compare the exact HPM and approximate BEM of the Poission equation for ρ/ε 0 1 and ρ/ε 0 50, respectively. Tables 1 and 2 show that the differences between HPM and BEM for both directions x and y. The differences clearly show that the results of the approximate BEM introduced in this study are acceptable. 
Conclusions
In this paper, we proposed homotopy perturbation method to find exact solution in the xand y-directions of Poisson equation with appropriate boundary and initial conditions. The numerical results of this electrostatic potential problem have been calculated at the same boundary conditions by BEM. These results are compared with those of HPM in Tables 1 and  2 . The obtained numerical results by using BEM are in agreement with the exact solutions obtained by HPM. This adjustment is clearly seen in Figures 3, 4 , and 5. It is shown that these methods are acceptable and very efficient for solving electrostatic field problems with charge density.
